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Abstract

A new test theory, called the neural test theory (NTT), is proposed. Its model is based
on the mechanism used in the self-organizing map (SOM), which is one of the neural network
models. In the NTT model, latent space is expressed as a stream of connected nodes like a
chain. Therefore, this latent scale is not a continuous one but more like a rank-ordered one.
The number of ranks is the same as the number of nodes, and each examinee is ranked on the
latent rank scale. The item reference profile (IRP) obtained by NTT for each item is very
effective for assessing the probability of a correct answer, which is the counterpart of the
item characteristic curve in item response theory. In addition, the monotonically increasing
IRP can be obtained by imposing adequate constraints on the statistical learning process.
An analysis example that illustrates some usages and features of NTT is shown.

Key words: test theory, neural network model, self-organizing map, nonparametric item
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1 Introduction

The latent scale assumed in item response theory (IRT; e.g., Lord, 1980; Hambleton &
Swaminathan, 1985) is continuous. The continuous scale used in almost all IRT applications
is a 1-dimensional space on which the transition of the correct answer rate for each item is
expressed, and the latent trait or ability level of each examinee is located.

However in Japan, educational evaluation on a continuous scale is driving students to
become adept at getting the highest possible score. For example, such skills include tech-
niques for finding the correct answer without reading the lead sentences. In fact, some school
teachers advise such approaches in their lessons. A test is a public tool (Shojima, 2007a), so
its existence is expected to have salutary repercussions on society. For example, tests should
motivate members of society in terms of self-discipline and self-realization. Shojima (2007b)
called the “context of existence” the third role that a test must play.

In addition, as many test practitioners already know, a test does not have high enough
sensitivity to discriminate the difference between two persons who have nearly equal abilities,
whereas a weighing machine can distinguish the slight difference between two persons who
are almost the same weight. In other words, the resolution of a test is lower than that of
a weighing machine. Generally speaking, the reliability of a test cannot be very high. The
most that a test can do is to rank examinees into several groups. Therefore, we need a test
theory that can locate examinees not on a continuous scale but on a rank-ordered one.

In this study, we propose a test theory in which the assumed latent scale is rank-ordered.
This theory, called the neural test theory (NTT), uses the mechanism of the self-organizing
map (SOM; Kohonen, 1995) which is a kind of neural network model. Furthermore, SOM is
a statistical learning theory that is frequently used in market research, and the conventional
one is a clustering method where similar samples are located adjacent to each other on a

2-dimensional lattice.

2 Method

First of all, let us assume a latent rank scale, where the number of ranks is ). Each
latent rank is represented by Node R, (¢ = 1,---,@Q), where the ability of the examinee
located at Node R, is higher than that of the examinee at R, (¢ = 1,---,Q — 1). Let
us also assume that the number of items is n and that Node R, has a n-dimensional vector
v, called the reference vector. The latent rank scale for (Q,n) = (7,12) is shown in Figure

1. Here, big black circles are the nodes that represent latent ranks, and small gray circles
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Figure 1: Latent Rank Scale and Reference Vectors

above each node is the reference vector.
Let us further suppose that the sample size is N and that the response data of examinees
is U = {w;} (i =1,---,N). In addition, assume that v}’ is the reference vector of R, at

the t-th period, and the recommended initial value is

vy = q1/Q. (1)

The basic idea of the computational procedure is identical to that of SOM. The procedure
for NTT is outlined below.

For (t=1;t<T;t=t+1) (L1)
— Obtain U® by randomly sorting the row vectors of U. (L2)
For (h=1; h < N; h=h+1) (L3)
— Input uﬁlt), the h-th row vector of U, and select the winner with the (L4)
closest reference vector in terms of the discrepancy function d.
— Obtain ng) after updating the reference vectors of the winner and (L5)
neighboring nodes.
YD) o Vg\t,) (L6)

(L1) requires a series of Lines (L2)—(L6) to be repeatedly executed until ¢ approaches
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T. Similarly, (L3) indicates that Lines (L4) and (L5) should be repeatedly computed while
h < N. (L3) is nested in (L1), and once Lines (L4) and (L5) have been executed N times
(h counts from 1 to N), the counter ¢ is then incremented by one. This process continues
until t =T

The essence of the statistical learning in NTT is reflected in the process of updating
the reference vectors. First, to randomly sort the row vectors of U in Line (L2) is to
cancel the sequential effect of the input data. Second, the winner node determined in Line
(L4) depends on what discrepancy function d is selected. We recommend the square of
the Fuclidian distance as the discrepancy function because it is frequently used as d in
many SOM applications. When ugf) is input, the winner node R,, by the square distance is

determined as follows:
Rw : = min U(t) - U/(t) 2. L4’
w arg quQ | | q h | | ( )

Next, the idea of updating the reference vectors is basically the same as the process used
in the conventional SOM. That is, the reference vectors of the nodes that are geographically
closer to the winner should be designed to become numerically closer to the input data. For
updating v((;,z, the reference vector of Node R, when ugf) is input at the ¢-th period, one of

the valid candidates is as follows:

For (¢=1; ¢ < Q; g =q+1) (L5a)

t t t t
— 0l =0l 4 he(t) () — 0l )

where
_ 2
hqw(t|at,at2) = oy exp{—w}, (2)
20}
T—t+1
oy = Tozl, (3)
and
(T —t)o1 + (t — 1)y
ot T-1 (4)

The second term of (Lb5a) is the size of the reference vector’s approach to the input data.
In addition, hg, in (2) is called the “tension”; it regulates the geographically closer nodes to
the winner to have a greater size of updating the values of the reference vectors. The factor
oy in (3) is the parameter regulating the impact of the tension at the ¢-th period: the larger
the value of a4, the more sensitive the reference vector updates. As t increases, oy, which is

« at the t-th period, decreases linearly from «; (> 0), the initial value of a, to ar = a1/T.
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In addition, o; in (4) is the function determining the neighborhood area around the
winner, and the larger the value of o;, the further from the winner the statistical learning
propagates. As t increases, the function o, decreases linearly from its initial value oy (> 0),
and approaches oy at the T-th period (o7 > g9 > 0).

The parameters (T, aq,01,00) must be set before the computation begins, and the cal-
culation is ended when ¢ approaches T'. Alternatively, we can use a certain stopping rule to

exit the statistical learning process. An efficient candidate is as follows:

o = Z i = o1, (5)

where ”1(31 is the reference vector of the winner for ugf). For example, we can stop computing

when a certain criterion is satisfied, such as C® < crit. or |C*+Y) — CO| < crit.

3 Analysis

3.1 Example 1

The result of a world history test analyzed by NT'T are shown in this section. The number
of items was 36 and the sample size was 2049. All items were multiple-choice single-answer
questions. The score distribution of the test is shown in Figure 2. The parameters were set
to (T, ay, 01,00) = (100,0.1,Q, 1.0) and the number of latent ranks was 10.
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Figure 2: Score Distribution

The results are shown in Figure 3. These plots, called item referenece profiles (IRPs),
(T) (j=1,---,n). Each

IRP is useful to interpret the behavior of the correct answer rate at each latent rank. The

are of the itemwise reference vectors of the finally obtained V™,

IRPs are not always monotonically increasing, but in general, the higher the latent rank, the

higher the correct answer rate. Also, Item 2 was found to be difficult because the correct
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Figure 4: TRP, LRD, and Scatter Plot of Scores and Ranks

answer rate of the examinees, even those located in the highest rank (Rank 10), did not
exceed 0.5. On the other hand, Item 5 was very easy because the IRP was higher than 0.6
throughout the latent ranks. In addition, the slopes of Items 4 and 20 were sharp. Such
items can be said to have high discriminancy.

Figure 4(a) is the simple sum of the 36 IRPs, called the test reference profile (TRP); it
is useful for understanding the expected score at each latent rank. The TRP monotonically
increases as the latent rank becomes higher. The TRP obtained by the NTT is computed to
be almost exclusively monotonically increasing because the algorithm of the NTT is based
on that of the SOM, and the principal dimension is extracted by the SOM algorithm (Ritter,
Martinetz, & Schulten, 1992; Kohonen, 1995; Mulier, & Cherkassky, 1995). That is, SOM
is a kind of nonlinear principal components analysis. However, the distances between nodes
are not necessarily found to be equal. Therefore, the latent scale of the NTT is posteriori
formed to be rank-ordered.

Figure 4(b) is the latent rank distribution. It is natural for latent ranks not to be
distributed normally. The latent rank of each examinee is identical to the winner node
computed by (L4’). Every test has its own target ability, and they cannot measure precisely
outside the target ability. The test analyzed here was not very difficult for the examinees,
so, the latent ranks of examinees whose scores were higher than around 26 were equally
estimated to be 10. That is, the NTT minutely ranked the examinees whose abilities were
within the target ability of the test. On the other hand, it put the examinees whose abilities
were outside the target ability of the test into nodes at the two ends. This tendency was also
observed in the SOM, as reported by Amari (1980), Ritter & Schulten (1986), and Kohonen
(1995).

In addition, Figure 4(c) is the scatter plot of the scores and latent ranks. The darker



the area, the higher the density. Clearly, the estimated ranks of examinees whose scores are

equal are not always the same.

3.2 Example 2

This section shows results when the number of ranks was five. The number of latent
ranks is up to the analyst or test administrator. The IRPs were obtained as shown in Figure
5 provided that the other parameters were set to be equal to those in Section 3.1. Due to
space limitation, IRPs of only Items 1-12 are shown in the figure.

Although the basic shapes are similar, it is clear that IRPs for ) = 5 are smoother than
those for ) = 10 in Figure 3. The obtained IRPs tended to be monotonically increasing when
the number of latent ranks was smaller. In addition, the TRP, the latent rank distribution,

the scatter plot of the scores and the latent ranks are shown in Figure 6.

3.3 Example 3

It is clear from Figure 3 that not all the IRPs are monotonically increasing. Such items
might be difficult for test administrators to use in practice even if they express the real state
of the data. Therefore, it is useful to impose the constraint of monotonic increase in the
process of the statistical learning. For example, we can simply add the following steps after
Line (L6) to make BCRPs monotonic. That is,

For (j=1;j<mn;j=j+1) (L5b)
For (¢=1;¢<Q—-1;9g=q+1)

_If U(t+1) < U(S'H)v then U(t—l—l) . U(t'—l—l)'

g+l g+ly = Yaqj
or
For (j=1;j<n;j=j+1) (L7)
— Sort(vﬁ»tﬂ)).

With the same parameter setting as used in Sections 3.1 and 3.2, the world history test
data were analyzed for ) = 10 and (L7). The IRPs obtained for Items 1-12 are shown in
Figure 7. All IRPs were computed to be monotonically increasing, and the higher the latent
rank was, the higher the correct answer rate became. As a practical matter, the IRPs under
the monotonic increase constraint are preferable for test practitioners. The NTT can satisfy
such a practical demand. In addition, Figure 8 shows the TRP, the latent rank distribution,

the scatter plot of the scores and the latent ranks under the monotonic increase constraint.
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Figure 6: TRP, LRD, and Scatter Plot of Scores and Ranks (Q) = 5)

4 Discussion

The neural test theory (NTT) is a kind of nonparametric test theory because no mathe-
matical formulation are imposed to shape item reference profiles. It is also a neural network
model because nodes lined up like a chain are artificial neurons that represent the latent
ranks. NTT uses the computation algorithm of the self-organizing map (SOM). The SOM
usually prepares a 2-dimensional lattice when mapping samples, but NTT plots examinees
on a l-dimensional lattice (chain). That is, NTT can be said to be a reformed 1-dimensional
SOM. The 1-dimensional SOM was theoretically studied by Ritter & Schulten (1986) and
Kohonen (1995), but it has rarely been investigated since 2000.

The most significant difference from the existing test theories, such as item response
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Figure 8: TRP, LRD, and Scatter Plot of Scores and Ranks (Mono. Inc.)

theory (IRT) or classical test theory (CTT), is that the latent scale assumed in NTT is
rank-ordered. The continuous scale assumed in IRT or CTT can be used like a rank-ordered
scale when it is partitioned into several zones. Such a usage of the latent scale is not always
irrational; it may sometimes be useful to feed the test results back to examinees. However,
the continuous scale itself is not necessary in the first place because tests cannot discriminate
the slight difference between examinees who have nearly equal abilities. The most that a
test can do is to rank examinees into several grades.

NTT can be easily extended to be multidimensional and to deal with missing data and
polytomous response data. In addition, NTT is useful in test editing, equating, and comput-
erized adaptive testing. However, further studies to gather experience and knowledge about

NTT are required to make the theory useful for test practitioners.
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